Scand J Work Environ Health 1999;25 suppl! 4:43—48

Multilevel modeling and model averaging
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Multilevel modeling, also known as hierarchical regression, generalizes ordinary regression modeling to allow
explicit and flexible compromises between simple and complex models. This article provides an elementary
introduction to multilevel modeling as a model-averaging technique. Model averaging provides an alternative to
model selection, and it emphasizes the role of prior information in finding good models.
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The vast increase in computing power over recent dec-
ades has led to the emergence of multilevel modeling as
a practical and powerful analysis tool (1—S5). This ap-
proach involves specifying 2 or more levels, or stages,
of relationships among study variables and parameters.
These levels are arranged in a hierarchy; hence the ap-
proach is also commonly known as hierarchical mode-
ling or hierarchical regression. Ordinary regression tech-
niques represent a special case in which there is only 1
level of the hierarchy.

Multilevel modeling has appeared and reappeared in
many forms over the last 50 years. For example, the fol-
lowing techniques are all special cases of hierarchical
regression: Bayesian, empirical-Bayes (EB), Stein, pe-
nalized likelihood, ridge, and random-coefficient regres-
sion and variance-components analysis (1—32). Conven-
tional estimation methods, such as least squares and max-
imum likelihood, are also special cases in which there is
only 1 level in the underlying model. The hierarchical
approach unifies these methods and clarifies their mean-
ing. Most importantly, it unifies the seemingly disparate
methods of frequentist (“classical”) and Bayesian analy-
sis. This unification is a major benefit of the approach,
for it leads to methods more accurate than either classi-
cal frequentist or Bayesian methods. This benefit is es-
pecially important and obvious in analyses that screen a
large number of associations for further investigation, as
is common in occupational, environmental, and dietary

studies. [See the examples in Greenland (30), Greenland
& Poole (22), and Witte et al (28).]

Despite several decades of published applications and
methodologic studies demonstrating its advantages, mul-
tilevel modeling is not widely understood, taught, or
employed in the health sciences. The lack of affordable
and user-friendly software has no doubt been an obsta-
cle, although conventional software is not that hard to
adapt to fitting basic 2-level models; for example, an SAS
procedure for fitting such models is now available on the
World-Wide Web at http://darwin.cwru.edu/~witte/
hm.html (6).

The present article focuses on a by-product of multi-
level modeling — hierarchical estimation. I hope that
readers unfamiliar with multilevel models will come
away with at least a fairly clear intuition of what consti-
tutes a 2-level model and estimator. An introduction to
the fundamental principles behind such estimators will
appear elsewhere (17).

To fix ideas, suppose we count A, ..., Ag spontane-
ous abortions among N, ..., N first planned pregnan-
cies in K subcohorts numbered 1, ..., K, as we might ob-
tain if we stratified a single first-planned pregnancy co-
hort on the level of exposure to a drinking-water con-
taminant and on potential confounders such as gravidity
and age. Our objective might be to estimate the average
risks 0, ..., B¢ in these subcohorts; more often, it would
be to estimate the relation of these risk parameters to
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exposure and, perhaps, to gravidity and age. In other
words, we want to estimate the regression of risk on ex-
posure, gravidity, and age. For simplicity of the age re-
lations, let us assume all the pregnancies occur after the
age of 20 years.

Conventional (single-level) regression models

One typical single-stage regression analysis would fit the
following logistic risk model:

0, = expit(o + Bx, + yg, + 8z, (equation 1)

where expit(e) stands for the logistic transform

exp(®)
1+exp(e)’
and x,, g, 7, are the exposure level, gravidity, and age
for pregnancies in stratum k; x,, g,, and z, are called the
model regressors (33). Model 1 can be rewritten in terms
of the odds 8,/(1 - 6,) of spontaneous abortion:

expit(e) =

Bk

1-6,

=exp (00 + Bx, + vz, + 6z;)
(equation 2)
= e ghu eve e,

This equation makes it easier to see the unrealism of
model 1, for it shows that the model imposes an expo-
nential relation of the odds to exposure, gravidity, and
age; this relation is called the exponential-odds assump-
tion (33). Equation 2 also shows that the model imposes
a multiplicative relation among the odds ratios for expo-
sure, gravidity, and age; this relation is called the multi-
plicative-odds assumption (33). The extremity of these
impositions is often ignored, in part because model 1 is
often presented as a linear model for the logits, or log
odds, of the average risks 6,; taking the natural loga-
rithms of both sides of equation 2, we get

—o ) = o + Bxy + g + 0z, (equation 3)
- Yk

logit(6,) =In ( O

Because of this relation, model 1—3 is sometimes
called a “log-linear” model (34). It is important to bear
in mind, however, that equations 1, 2, and 3 all impose
exactly the same exponential-multiplicative relations
among the odds; that is, they all represent the same mod-
el.

A major problem with model 1—3 is that it rigidly
assumes far more than we know about the relation of
spontaneous abortion to exposure, gravidity, and age.
Exponential trends in odds imply very steep risk trends
when risks are not high. Although such trends are some-
times reasonable approximations of the true trends, we
cannot be sure that they occur in this example; in fact,
many other possibilities are reasonable. Similarly,
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multiplicative relations among odds ratios (often called
“multiplicative interactions”) can imply dramatic varia-
tions in risk trends even when only modest trends are
present for all regressors; again, although such trend var-
iation sometimes occurs, we cannot be sure that it oc-
curs here.

If any model assumption is wrong, the modeling re-
sults may give a misleading impression of risk patterns.
Analysts typically address this problem by testing the fit
of their model against the observed data; unfortunately,
the power of such tests is so low that they usually fail to
reject the model, even if it is very wrong. More creative-
ly, analysts may modify the coding of the regressors to
allow more realistic trends and occasionally add product
terms to allow more variety in trend variation (33). Such
modifications can reduce bias, but the resulting model
remains dogmatic in its assertions, however plausible the
model might be, and tends to produce misleading results
due to an underestimation of variability (8).

At the other extreme from the oversimplification of
model 1—3, consider the the following model:

0, = expit(n), (equation 4)

where 1}, ..., Tl are stratum-specific coefficients (param-
eters). Model 4 has a regression coefficient for each ob-
served proportion and imposes no assumption whatsoev-
er about how the risk parameters are related to exposure,
gravidity, or age. It is sometimes called a saturated model
because it is “saturated” with parameters, one for every
combination of the regressors (exposure, gravidity, age)
(33, 34). The m, are just the logits (log odds) of sponta-
neous abortion. Solving equation 4 for 1, we get:

. 0,
logit(6,) =In ( : _kek) =T

Under model 4, the ordinary (maximum-likelihood)
estimators of the 6, turn out to be A,/N,, so that using
model 4 is the same as examining the subcohort-specific
proportions A,/N, and their standard errors.

Although direct examination of subcohort-specific
proportions or rates can be very helpful, it often runs up
against the roadblock of small numbers. Most of the sub-
cohorts may be so small that the A,/N, are highly unsta-
ble. As a result, the A,/N, may resemble random noise
when plotted and reveal few or no general relations; that
is, patterns of risk (signals) in observed proportions can
be drowned out by random fluctuations (noise). Analysts
often try to address this problem by making the stratifi-
cation very crude, for example, by using only a few cat-
egories to represent each of the regressors. This strategy
helps keep the A, large, but unfortunately can itself ob-
scure patterns by combining regressor levels that have
disparate risks and by introducing confounding (35, 36).

More generally, problems of biased patterns can ad-
versely affect results from a model that is too constrained

(equation 5)




(simplified) to approximate all reasonable possibilities,
while problems of instability (noise) and estimate
inflation can adversely affect resuits from a model that
imposes too few constraints on the possibilities (8, 17,
35, 36). Analysts sometimes try to cope with these prob-
lems by searching for suitable intermediate models, but,
in doing so, they often use methods known to be mis-
leading (such as stepwise regression) (8, 17, 27, 37). Mul-
tilevel modeling provides a rational and sometimes opti-
mal compromise between the extremes of overconstraint
(such as model 1) and its attendant biases and undercon-
straint (such as model 4) and its attendant variability (37).

Two-level regression

There are several ways to extend regression methods in
the multilevel framework. Suppose first that we are in-
terested in examining the risks directly. One of the old-
est and simplest approximate methods estimates the risks
by taking a weighted average of the fitted risks O, from
a possible but simple model, such as model 1—3, and
the fitted risks O, from a model general enough to ap-
proximate most reasonable possibilities (34, 37). That is,
to estimate risk 6, (k =1, ..., K), we could use the weight-
ed average:

Wb + (1 - Wb, (equation 6)

where 8, is the estimate of 6, from the chosen general
model (model 4 in our example), éSk is the estimate of 8,
from the chosen simple model (model 1 in our example),
and W, are estimated weights attached to the general
model estimates. (Various weight formulas can be found
in references 22, 24, 26, 30, and 34.) In the present ex-
ample, éGk could be the estimate A,/N, from model 4,
while 8, could be the estimate from the exponential
multiplicative model 1; that is

6, = expit (& + Px, + g, + o6z, (equation 7)

where 6, B, 7, and 8 are the coefficient estimates obtained
by fitting model 1 to the observed data using ordinary
maximum likelihood.

The hierarchical structure underlying the estimator in
equation 6 is as follows. The first stage is a model for
the proportions A,/N, as probabilistic functions of the
parameters 1,; it assumes that A,/N, deviates randomly
about expit(n,). The second stage is a model for the first-
stage parameters 1, as probabilistic functions of the sec-
ond-stage logits in equation 3; it assumes that 1, devi-
ates randomly around the linear term on the right-hand
side of equation 3 (which comes from model 1). In this
approach, model 1 has been moved up the hierarchy to
serve as a second-stage model. More generally, the
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simple model used to derive By, is the prior model; hence,
the By, are called the estimated prior risks, and the re-
sulting weighted estimators are called the estimated
posterior risks, the empirical-Bayes (EB) estimators, or
the smoothed risks (although the latter term is sometimes
reserved for situations in which the general model is sat-
urated).

As scientific matter, model 4 is too general for most
purposes — it excludes no possibility, even an absurd
one such as that the odds of spontaneous abortion varies
10'°-fold across the observed subcohorts. If all the case
counts (A,) are very large (over 10 or so), this unparsi-
monious aspect of model 4 should cause no practical
problems. Otherwise, to minimize errors, we should use
a simpler general model, one general enough to approxi-
mate the trends reasonably and interactions we think are
reasonably possible. “Reasonably” here depends on con-
text, both on the accuracy we think we need and on what
previous information we have. Good acquaintance with
the subject is essential here. A 10'°-fold variation is pat-
ently absurd in most applications; on the other hand, 102
= 100-fold variation may be absurd (as in the variation
in breast-cancer risk across levels of alcohol use in a birth
cohort of Finnish women) or may not be absurd (as in
the variation in HIV risk across levels of sexual activi-
ties).

Combining different levels of information

Suppose now that we are interested in estimating the co-
efficients in a “general-enough” model, or some simple
functions of the coefficients, such as their antilogarithms
(which often serve as odds-ratio estimates). In these sit-
uations, it is easier to use a more general approach to
multilevel estimation in which we average coefficient
estimates instead of risk estimates. More precisely, we
estimate the coefficients of interest by averaging the co-
efficient estimates from the general first-stage model with
the coefficients predicted from the simpler second-stage
(prior) model (27—30, 32, 37—39).

Returning to the example, suppose that study subjects
come from Finland, Sweden, Denmark, and Norway;
denote these countries by F, S, D, N. Model 1 has no
term for country of pregnancy; thus, it assumes that nei-
ther risk nor the relations of risk to the regressors vary
by country. Suppose we take model 1 as our second-stage
model, and as our first-stage model we want a more gen-
eral model, in which risks and relations to risk may vary
among countries. We now must include country in our
stratification, so that 8, represents the average risk for a
specific combination of country, exposure, gravidity, and
age. Let C=F, S, D or N be the variable standing for
country; C is an example of an ecologic or group-level
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variable. One first-stage model that incorporates coun-
try effects is

6, = expit(Oic + Bexy + Yol + OcZi) - (equation 8)

This model has 16 coefficients, 4 for each country:
O, Br, Ve, O for Finland; o, Bs, vs, 85 for Sweden; o,
Bps Yo, O for Denmark; ouy, By, Y, Oy for Norway.

Model 1, with only 4 coefficients, predicts that risks
are the same across countries, given the same exposure,
gravidity, and age. This prediction translates to O, O,
Op, Oy all equal a common value o; By, Bs, Bp, By all
equal a common value B; ¥z Y, Yo» Y all equal a com-
mon value ¥; 8, 3, Op, Oy all equal a common value 8.

Intuitively, we can imagine an EB estimator for (say)
the Finnish exposure coefficient Br as a weighted aver-
age of the estimator S obtained by fitting model 8 and
the estimator B obtained by fitting model 1, which is the
model-1 prediction of Bg. Actual estimators are a bit more
complicated, as they involve a process of simultaneous
matrix-weighted averaging of all the coefficient estima-
tors. (See references 27, 30, and 39 for examples.)

Regardless of such technicalities, the underlying 2-
level structure can be described as follows: In the first-
stage model, A,/N, is assumed to vary randomly about
the 6, given by model 8, which allows essentially un-
limited systematic variation of incidence across countries
(ie, at the ecologic level). In the second-stage model,
however, this cross-country (ecologic) variation is con-
strained to depart only randomly from a common under-
lying structure for average risks, given by model 1. More
precisely, it is assumed that the exposure coefficients By,
Bs» Bp, By vary only randomly around an underlying av-
erage value P, and so on for the other sets of coefficients.

Of course, we would not really think this variation in
true effects is completely random, for there may be some
uncontrolled environmental or perhaps genetic differenc-
es among the countries that affect risk. But the underly-
ing philosophy in use of the second-stage model 6 is that
we have not yet identified any such differences; there-
fore, we can do no better than treat these differences as
unknown and hence as random deviations. Such an ap-
proach is certainly more realistic than pretending no such
differences exist, which is what using model 1 in a sin-
gle-stage analysis assumes. It also produces much more
accurate results than does an analysis that pretends such
differences can be arbitrarily large, which is what using
model 8 in a single-stage analysis does.

Semi-Bayes estimation and three-level models

If sample sizes are small, one can do even better than
the EB estimators already given if one can specify in ad-
vance a probabilistic range for the departures of first-
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stage associations from second-stage predictions. In the
last example, this strategy would specify a probable range
of variation of coefficients across countries. For details
of this “semi-Bayes” approach, see reference 22, 27, 28,
32, or 39; for an SAS procedure to perform it, see refer-
ence 6.

Both EB and semi-Bayes estimators are derived from
2-level models, with EB estimators having less bias but
larger variability than typical semi-Bayes estimators.
Bayes empirical-Bayes (BEB) estimators, derived from
3-level models, can achieve greater accuracy over a broad
range than either 2-level estimator. In the last example,
a BEB estimator could be obtained by adding a third-
stage (hyperprior) model for the parameters of the sec-
ond-stage model (model 1) (9, 31). Unfortunately, pub-
lished examples of BEB analysis remain rare, in part due
to a lack of software for 3-level modeling in major sta-
tistical packages.

Discussion

The multilevel modeling or hierarchical regression ap-
proach is completely general, in the sense that the mod-
els can encompass all other parametric regression mod-
els and can be extended to nonparametric regression as
well (via the relation of smoothers to roughness penal-
ties) (40, 41). A separate issue is the estimation criteria
and procedures used to fit the models. Nearly all discus-
sions, including the present one, focus on minimizing the
total expected squared error as an estimation criterion.
This focus leads to natural extensions of least squares and
likelihood estimation for multilevel models (1—3, 27, 30,
37, 39, 42). Except for normal (Gaussian) linear models,
these are approximate methods with certain sample size
requirements, although these requirements tend to be less
restrictive than those for single-stage modeling (27, 30).
Exact hierarchical estimation is also possible via Monte-
Carlo methods (4, 5).

Multilevel estimation criteria can be modified to rec-
ognize qualitative differences in estimation errors. Such
differences arise when model parameters can be divided
into 2 groups, with 1 group containing parameters that
represent effects of the exposure or exposures of interest
(including any product terms involving an exposure) and
the other containing parameters that represent purely con-
founding effects. Model 8 provides an example in which
the B¢ represent the exposure effects. There, accurate es-
timators for country, gravidity, and age effects (0, Yc,
and 8.) are important for the control of confounding, but
errors in these estimators are important only insofar as
they induce errors in estimation of the exposure effects.
A simple way to account for this coefficient grouping is
to use separate estimation criteria for the exposure and



confounder coefficients (43). Nonetheless, even greater
accuracy for the exposure coefficients can be obtained
by using accuracy in estimating the exposure coefficients
as the sole criterion (44, 45). Such a criterion leads to
shrinkage of both the exposure and the confounder coef-
ficient estimates, but it sacrifices accuracy in the
confounder estimates whenever such sacrifice appears to
improve accuracy in the estimation of exposure effects.

The preceding presentation has emphasized potential
benefits of the multilevel or hierarchical perspective: re-
duction in estimation error and the use of prior informa-
tion in a relatively cautious but thorough fashion. The
benefits of such use have been illustrated in many pub-
lished applications (7, 25—28, 30). Further applications
of multilevel modeling include the control of multiple-
comparison artifacts (22, 27, 28), statistical decision anal-
ysis (46), and the meta-analysis of study-specific esti-
mates (47). Multilevel modeling is, however, the most
widely recognized as a method for entering ecologic
(group-level) variables such as country and individual-
level variables such as age into the same analysis, while
keeping their levels distinct (1, 3, 38). The theory and
examples of these applications are now found in text-
books (1, 3), as well as in many articles in education and
related fields. In what may be a promising sign, these
ideas are starting to appear in the health sciences as well
(48).
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